We live in an era of unprecedented mobility-vehicles are much more affordable than they were at their inception in the early 20th century, and public transport provides an easy and economical means of travel for those without a personal vehicle. The latest trend in the transportation industry is that of car-sharing. Realizing that purchasing and owning a personal vehicle can be unnecessarily expensive, individuals are starting to turn to cheaper and more distributed means of paying for private vehicle transport.
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Restatement of the Problem
The problem asks us to do the following:
• Develop and test a mathematical model that accurately calculates the percentage of American drivers in categories-low, medium, and high-for both hours driven per day and miles driven per day.
• Predict the expected participation in each of four business models in four different cities.
• Take into account the coming emergence of innovative technologies and energy systems to re-rank the four cities in terms of expected participation.
Part I: Who's Riding?
A. Restatement of the Problem
In order to truly understand customer profile and demographics, one needs to be aware of two important factors-the average number of hours a driver drives per day and the average distance he/she travels in a day. This critical problem for car-sharing companies becomes more intricate when one realizes that those factors vary based on aspects of the setting, especially population density, as it gives a good idea of the amount of traffic in the area at any given time.
B. Assumptions 1) With regard to miles driven per day, we define "low, " "medium," and "high" to constitute 0-20 miles/day, 20-40 miles/day, and 40+ miles/day, respectively. Using a 2009 dataset from the National Household Travel Survey (NHTS), we derived that 20 miles/day and 40 miles/day were roughly around the 33 rd percentile and 67 th percentile, respectively, of American drivers' average daily distances. 2) When one is "using" a car, one is actually driving the car.
3) The average driving speed of a car in the U.S. is 30.99 mph. This value was derived from NHTS data regarding the average miles per trip and average time per trip. 4) Traffic in a certain city, region, or locale can be considered as standardized over time in a day. This is a reasonable assumption because although traffic often varies in areas due to spontaneous incidents (e.g. car accidents, weather), it does follow a general trend over the course of the day. 5) Cities are uniformly distributed in terms of population. This assumption allows us to ignore differences in traffic and other conditions throughout the city, which makes application of the model possible on a large scale. 6) Across the U.S., the distribution of the amount of time individuals spend on the road is uniform. Though people may live in different regions with different population densities, they will work to minimize travel time. People living in communities with low population densities will tend to drive farther distances but will spend the same amount of time in transit as those in denser areas.
Team #6811
C. Developing the Model
The percentages we obtain depend extensively on our assignments of values to the arbitrary characterizations provided by the problem. More specifically, we need to define what "low, " "medium," and "high" mean in the context of miles driven per day and hours traveled per day. Through one of our assumptions, we define "low, " "medium," and "high" to mean 0-20 miles/day, 20-40 miles/day, and 40+ miles/day, respectively. For the hours/day factor, we took the dataset from the 2009 NHTS study (sample size of 235,333 individuals) and found the 1 st and 3 rd quartiles for American drivers' average daily travel times (NHTS) . These values were 34 minutes and 111 minutes, respectively.
Since we are trying to find the proportion of individuals who fit each of the 9 categories formed by the combination of the two areas of classification, we need to determine a relationship between M, the number of miles one drives per day, and H, the number of hours one spends in the car per day. We cannot assume independence, as these two variables are clearly interdependent. Dimensional analysis yields the formula:
M = Hv
where v refers to the average velocity of the driver's car. Hence, most of the difficulty comes with understanding how to model the average velocity of the car, as one has to take into account a variety of factors to develop an accurate prediction.
Above all other factors, the most prominent influence on velocity during the trip is the amount of traffic present. Since we assume that traffic in a location is standardized over time, we can view traffic as dependent upon the general amount of activity in an area, which can be simplified to population density. Ideally, when there is no activity taking place (i.e. population density = 0), one travels slightly above the average driving speed, and as the amount of activity increases (i.e. population density increases) without bound, one's average travel speed reaches an asymptotically bounded minimum. Given our assumption that the average driving speed of a car is 30.99 mph, we can define v as:
where V 0 refers to the average driving speed, 30.99 mph. T is the traffic factor and is equal to:
where p is equal to the population density of the area and r and K are positive constants less than 1. Therefore:
If the population density is 0, then (1-T)V 0 is greater than V 0 . This is a valid result, since in the absence of traffic (e.g. a very sparsely populated and rural environment), drivers will go faster than the average speed (which takes into account increased stopping times and greater periods of driving slow due to immediate traffic and lane switching, among other aspects of driving on a road occupied by other cars). Meanwhile, if the population density is very high, e -rp is approximately 0, and the (1-T)V 0 approaches a minimum speed, which makes sense considering that after a certain threshold, increasing the traffic would not significantly slow down vehicles.
Moreover, because drivers in all cities/regions will not all move the same distance in the same time period, we need a distribution of values of distances traveled over the time H. Because the number of cars moving in a given region will be large, and because some drivers will go farther than the expected value while others proceed less (potentially as a result of random occurrences like stop signs, traffic lights, accidents, etc.), which implies symmetry, we have the necessary conditions to use a normal distribution to represent the distances drivers travel over the time H.
In order to complete our function, we need to find the values of the constants K and r. We can do this via curve fitting with data relating to average driving speed, V C , in various American cities (Kleint) . Using the population densities of these cities and the fact that T = Our function for M provides us with an expected outcome for the number of miles one would travel in a particular region in a given time period.
In order to model a distribution, we need a standard deviation. The nationwide standard deviation for miles traveled per hour is 5.2645, and the average driving speed is 30.99 mph (NHTS). We can scale this standard deviation value up or down to the level of a specific region's traffic based on the proportion of the city's average speed to the national average driving speed. We obtain the city's average speed by inputting 60 minutes for H in the function for M. Based on this knowledge, we can form our normal distribution in the following manner:
where b is equal to the expected average speed returned by our function for M and c is equal to the average standard deviation nationwide scaled to the specific region. Therefore, (t/60)*b refers to the expected number of miles traveled in a given number of minutes while (t/60)*c refers to the standard deviation of a distribution of those miles traveled. Based on this, the proportion of vehicles traveling more than y miles in a given time period is given by:
where CDF refers to the cumulative distribution function (the probability that x will have a value less than or equal to y). However, the number of people who travel for 35 minutes on an average day likely will not be the same as the number of people who travel for 3 hours on average. Therefore, we are going to need a weighting factor for periods of travel time that is based on the relative frequency of those travel times. In order to determine the distribution of travel times, we look at the aforementioned 2009 NHTS survey that provides American drivers' average daily travel times (NHTS). This dataset allows us to derive a cumulative distribution function that provides us with the proportion of a population (based on our assumption that all Americans share the same daily travel times) that spends under x hours driving per day. The CDF is given and plotted below.
W(x) = CDF [dist, x] where the variable dist refers to the distribution of data shown in Figure 1 .3.
Team #6811 Figure 1 .4 -Plot of the CDF, which gives the proportion of drivers who spend x hours or less driving.
The CDF can be used as our weighting factor because it gives us the relative frequencies of various travel times. As a result, we can use the following term to express the relative frequency (and, therefore, weight) of a certain period of travel time between t 1 minutes and t 1 + 1 minutes:
Thus, we can derive the final function that provides us with the percentage of current U.S. drivers in each category-low, medium, and high-for all combinations of the two specified factors, daily travel time and daily mileage:
The amount of travel time we wish to check relative proportions for is given by t, and the distance we want to see if our population crossed (e.g. 20 miles, 40 miles) is given by y.
D. Validation of the Model
While developing the model for T(p), we calculated our root mean square error, which came out to be 0.167451. Given the large variance within the data points, however, this value is
acceptable, as no population density model can effectively account for all of the variance in the data without resorting to a curve fit that cannot be extrapolated accurately. Hence, the fit function for T(p) does a relatively good job at approximating the trends in the data.
In order to further validate the accuracy of the model, we conducted a sensitivity analysis. Because only two constants were solved for in the model (K and r), we decided to vary K and observe the changes in the value of M (1, 2000) , representing the number of miles per day given that the driver drives for 1 hour in a region with a population density of 2000 people per square mile. The sensitivity testing reveals that changes in K correspond to about half as significant a change in the output of M. This shows that the model is robust and not very sensitive to changes in K.
E. Results of the Model
We used our model to calculate the percentage of drivers in each category of mileage and driving time in New York City, which has a population density of 26,403 people per square mile. Using the integral given at the end of section B, we obtained the following output values. The analysis of the results reveals the logical nature of the model. In a big city with a high population density, a large proportion of cars travel a low mileage, regardless of the amount of time they spend on the road. 59.93% of cars travel less than 20 miles, which is sensible given that heavy traffic limits much of the progress those vehicles can make. As a result, big cities tend to have a lot of cars traveling a low number of miles per day, with a very small percentage of cars traveling more than 40 miles.
Meanwhile, in a suburban area such as Englewood Cliffs, more cars travel a high number of miles per day because of the reduced traffic in the region. Though some cars do travel a low number of miles, the proportion of cars that travel more than 40 miles is certainly higher in Englewood Cliffs than in New York City.
F. Strengths and Weaknesses
While our curve fit rather accurately describes the average speed of cars in New York City (our regression indicates a speed of 15.73 mph compared to a calculated average speed of 17.6 mph) (Kleint), it is not a perfect model of average car speed vs. population density, for it has an RMSE of 0.1675. The reasons for this error were addressed earlier, but it remains a fly in the ointment in our model. However, our model takes into account population density as the major factor in traffic and car speed. In addition, our model is highly intuitive as denser cities tend to have greater traffic and lower speeds. Moreover, our model is adaptable to many different urban or rural landscapes. We have gathered relevant and accurate data for both urban and suburban areas with our model. Furthermore, even though we did not calculate proportions for American drivers as a whole, our model can be applied to any individual setting in America and is therefore much more specific and powerful in the context of realistic applications by car-sharing companies.
G. Summary
Simple dimensional analysis leads us to understand that the average number of miles driven is a product of average velocity and hours driven per day. Since each region's average velocity depends directly on its traffic, which is dependent upon its population density, we can state the expected miles driven as a function dependent on population density and hours driven in a day. In order to form a distribution around the expected value for miles driven that this function delivers, we can use the nationwide average standard deviation of velocity scaled down from the average nationwide driving speed to the driving speed in the particular city or region being examined to produce a normal distribution. Integrating a cumulative distribution function of this normal distribution, along with the weighting of the relative frequencies of different travel times through another cumulative distribution function, allows us to calculate the proportions of a Alternately, car-sharing can be seen as a step up in luxury compared to public transportation; having the privacy of one's own car is seen as favorable to dealing with the chaos of a subway, train, or bus system. Today, roughly 10% of people choose a shared commuter experience over vehicle ownership (Automotive IQ).
As more people choose car-sharing options over privately owned vehicles, car companies lose vehicle sales. In America, one study estimates that 1.2 million vehicle sales could be lost by 2020 (Automotive IQ). In light of this, many car manufacturers, including Audi, Daimler, GM, and BMW have ventured into the business of car-sharing. As companies attempt to implement car-sharing programs, it is important to consider which car-sharing options will work best for various locations.
There are several viable car-sharing programs in use today. The classic car rental model, popular for decades with travelers flying into airports, involves a "round-trip" rental, in which the consumer rents a vehicle from a location for a certain amount of time and returns the vehicle to the same location. The pricing can be per hour, day, mile, or a combination of the three. Another, newer car-sharing program involves one-way trips. In the one-way floating system, a user picks up a car and can park it anywhere within a certain zone. The one-way station method is similar, but the user must drive the car to a specific station run by the same car-sharing company. Finally, in a more literal interpretation of "car-sharing," multiple people can jointly own a vehicle and share its costs while using it like a privately owned vehicle.
B. Assumptions
1) The companies do not encounter implementation issues (e.g. implementation or construction costs or malfunctions). These are not within the problem parameters. 2) People are willing to walk or bike half a mile to reach a car-sharing station. Even sedentary people walk 1000-3000 steps a day, and one mile is approximately 2000 steps. Therefore, most healthy people would have no problem walking up to half a mile to reach a transportation station (The Walking Site). 3) Weather is not a factor. Weather varies throughout the year and on a day-to-day basis is essentially random. Weather hazards will impede any sort of transportation and do not impact car-sharing transportation significantly more than other transportation methods.
4) Users do not drive one-way between cities.
In order to analyze one-way car-sharing models for a particular city, the city itself should be isolated with respect to other carsharing cities. 5) Users do not have car crashes, lose insurance documents or keys, park in unauthorized locations, drive without a license, or drive with impaired senses and functionality. In these instances, the cost for any given model skyrockets, and these data points become outliers. 6) Within the central area of a city, the population is uniformly distributed. We assume that the car-sharing company would put their stations in ideal locations, but between two cities the idealness of various locations would differ, on average, by a factor of the average population density for the major metropolitan area. 7) Across cities, bus fares are constant. We researched bus fares for each of the four cities we are investigating. The differences between cities are negligible in our calculations, so for the sake of simplicity, we will assume they are constant.
C. Modeling the Consumer
We decided that individual feasibility can be measured in terms of user price UP, which is a sum of opportunity cost and monetary cost. Opportunity cost is the amount of time T spent in commute, weighted by individual salary S. Monetary cost M is the cost of a certain means of transportation.
= * +
We assume that the user wishes to save time and money, and that time saved is more valuable if the user makes a high hourly wage, while money saved is more valuable if the user makes a low hourly wage.
We decided that a user could fall generally into one of four transportation-needing scenarios.
Scenario I: A user needs a vehicle for only one continuous week a year, but has the vehicle 24/7 during that week. For example, this might be a user who uses public transportation within his or her city but takes a week off per year to go on a road trip. Users in this general scenario would live in cities with very good public transportation. We will consider this scenario to be 4 one-way trips, for the sake of comparison.
Scenario II: A user needs a vehicle for only one continuous 3-hour period once a week. For example, this might be a user who uses public transportation for daily commute but needs a vehicle to carry groceries and other goods home once a week. Users in this general scenario would also have good public transportation in their cities. We will consider this scenario to be 4 one-way trips, for the sake of comparison.
Scenario III: A user needs twelve 25-minute rides per week. This user might be someone who commutes to his or her day job every day and works for about eight hours, but also has a weekend excursion of about five hours. We will consider the weekend excursion to be 2 one-way trips, for the sake of comparison.
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Scenario IV: A user needs two 25-minute rides per week. The user would stay at his or her destination for about five hours. This might be someone who uses public transportation to get to work each day but takes a weekend excursion via a car-sharing option.
To model consumer cost of various car-sharing methods for each scenario, we looked at the pricing methods of existing car-sharing companies. For the round-trip program we looked at two companies' pricing models, which differed significantly. Additionally, in the case of joint ownership, we found that maintaining a sedan (including fuel costs) takes $8,698 a year, on average. The pricing models are described below: Table 2 .1 -Annual price for each car-sharing method.
In Table 2 .1, the bolded values are the most cost-effective option for each scenario. Additionally, an average car commute is 23 minutes and an average bus commute is 53 minutes. The commute time baseline was 25 minutes, so assuming proportionality, the bus commute time would be 58 minutes.
To calculate the time spent in transportation in our user price equations, we assumed that ride sharing is less time-efficient than personally owning a vehicle. If an individual chooses to use a car rental service, he or she must travel (we will assume by foot) to the car rental station before he or she can begin driving. If an individual chooses to jointly own a car with others, the vehicle may not be available at any given time. Thus, we have determined additional times required for each method of car sharing in minutes per one-way trip.
In determining these values, we assumed the following:
• An individual can walk half a mile in 10 minutes.
• A round-trip Zipcar station will be located at a distance of half a mile from any given location. An individual has to walk half a mile from his/her house to the rental station and 0 miles from the parking spot to the final destination.
• A round-trip Hertz station will be located farther away. Hertz is a less developed carsharing service, so its stations are more spread out. An individual will need 15 minutes rather than 10 to walk to a Hertz station.
• One-way floating rental sites are more abundant throughout the city. Thus, an individual will walk a smaller distance (and for a smaller duration of time) from his or her home to a one-way floating rental site.
• One-way station model rental sites require half a mile of walking from an individual's house to the site, and half a mile of walking from the parking site to the final destination.
• With joint ownership with a second person, there is a 1/10 chance the car will not be readily available for use.
• With a third person, there is a 1/8 chance the car will not be readily available for use.
• Each "trip" taken by one's "car-mate" is assumed to be 2 hours long. 
Now, using the user price equation, we plugged in numbers for T and M for each scenario and transportation method. We let S be an independent variable and plotted the relationship between S and UP for each transportation method in each scenario. Therefore, on our plots, a line intersection represents a change in the relative feasibility of two transportation options, and the bottom most line represents the cheapest transportation option. Below are the plots we generated. Team #6811 At a salary of under $50,000, public transportation is by far the best option. Our equation weights commute time with individual salary, so when salary is relatively low (under $50,000), the predominant factor in determining price P is the monetary cost M. As the median per capita salaries of the four cities range from $21,000 to $27,000, for the average consumer, public transportation is the most advantageous option.
However, as the plots indicate, certain ride-sharing options become much more economically advantageous when individual salaries increase. For Scenario II, as individual salary increases, the most economically advantageous options are individual ownership and one-way floating Car2go. For Scenario III, joint ownership and individual ownership are most advantageous, and for Scenario IV, one-way floating Car2go and one-way Station Zipcar Boston are most advantageous. 
D. Modeling the Company
Now that we've analyzed what options are most consumer friendly, we will look at the options from a company's point of view. We decided that company viability can be measured in terms of profit, and the profit a company makes from a car-sharing business in a given region is determined by the equation:
where profit, revenue, and cost are all per user, and usage is a function of both population density around a car-sharing station and the feasibility of the car-sharing method for an individual.
Each car-sharing option uses a different pricing model and will generate different revenue per user. In general, pricing models consist of a new user fee, a monthly fee, an hourly fee, or a combination of those fees:
where NC stands for the new user fee, NU is the number of new users, MC is the monthly fee, TU is the percent of time the car is used, HR is the hourly rate, and UPV is the number of users per vehicle. Since the number of car-sharing users has doubled in the past five to six years, using an exponential growth rate we can deduce that the growth rate is 12%. This means that in any given year, about 12% of users are new.
For the Zipcar round trip model, for example, the average revenue made per user per year is given by:
We decided that company cost per user was a combination of gas prices and the cost of regular car maintenance:
where CM is the cost to maintain a car per year, G is the cost of one gallon of gas, MPY is miles driven per year, MPG is the miles per gallon of the car, and UPV is again users per vehicle. From Part I we found that the average miles driven per day are 28.97 miles, which translates to 21148 miles per year. The average miles per gallon of a U.S. car is 25.5 mpg (Automotive News).
We found that Zipcar has a ratio of 90 users per car (Zipcar Wikipedia) . We assume that these cars are used 75% of the time and that gas costs $1.71 per gallon (Fuel Gauge Report). On average, we found that it takes $8698 a year to maintain a sedan, including fuel. Since Zipcars are used much more frequently than regular cars, however, we will assume that it still costs more For the total profit, we need to multiply (Revenue -Cost) per user per year by the number of users. An individual will only be incentivized to switch to car-sharing if car-sharing is the cheapest option, and that will be true only if individual salary exceeds a certain number. And the company will benefit only if it can maximize the number of users as well as minimize the number of rental stations. We are looking for the greatest number of people per unit area with enough money to afford car-sharing. The cities with the greatest population densities, and thus the greatest number of people who can afford car-sharing, are Poughkeepsie, NY (density of 5983 ppl/mi 2 ), Richmond, VA (3625 ppl/mi 2 ), Riverside, CA (3085 ppl/mi 2 ), and Knoxville, TN (1861 ppl/mi 2 ).
As median per capita income is relatively low and relatively similar for every city, we assume that each city has the same per capita income distribution. Thus we assume that each city has a proportion k (a very small number) of individuals with the financial means to participate in ridesharing. With this in mind, the total profit of a company will be:
Profit=(revenue-cost)*users=(revenue-cost)*k*population density
For each city, the profit, in millions of dollars and in terms of the constant multiplier k, is:
Poughkeepsie, NY (millions of $) The most profitable options for a car-sharing company are the one-way floating model and the round trip Zipcar model. The most economical option for an individual (with enough salary) is one-way floating Car2go. Ranked from best to worst, the cities for a company to develop carsharing in are: Poughkeepsie, Richmond, Riverside, Knoxville. Thus, our final recommendation is that a car company should invest in developing a one-way floating car-sharing system for the city of Poughkeepsie, NY.
E. Limitations
We assumed that the per capita incomes of each city were relatively equal because the discrepancies we found were not very significant. To improve on our model, we would take those differences into account by estimating how many individuals would be able to afford carsharing. Even better, if we were able to find a per capita income distribution for each of the cities, we could improve on our model even more by having a more definitive number for individuals able to participate, rather than a rough estimate.
When determining profitability of each model, we did not incorporate the cost of the jockey for the one-way floating Car2go model because we ran out of time. However, given that it was more profitable than the next best option by close to 300%, this additional cost likely would not have made a big difference in the overall profitability of that model. Part III: Road Map to the Future A. Restatement of the Problem Alternative energy vehicles and self-driving vehicles have the ability to dramatically alter the car-transportation business. The incredible growth of Uber has demonstrated that by eliminating the hassle of commuting to a car-sharing station without a car, the cost benefits of car-sharing can truly monopolize the market (Los Angeles Times). Self-driving vehicles would allow users to have vehicles delivered directly to their doorstep, replicating the convenience of having a privately owned vehicle. Many people also choose public transportation, biking, or walking over vehicular transport because they want to consume less fuel. For this reason, car-sharing alternative energy vehicles would allow users to be environmentally friendly and take advantage of the convenience of a vehicle.
B. Assumptions
1) Self-driving vehicles would allow all car-sharing businesses to be one-way because the car could drive itself back to any needed location. Stations would not be required because of the self-driving function, so all options would resemble the one-way floating option.
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2) Users would stay within a certain radius to avoid exorbitant costs of having the car drive itself back between cities.
C. Analysis
The self-driving feature would eliminate the cost-opportunity of the time taken to reach a carsharing region. Using the pricing model of the one-way floating model of Car2Go, the selfdriving car option comes out as the best option in both Scenario III and Scenario IV.
Not only would it increase the benefit for the user in terms of time saved, but it would also benefit the car-sharing company by decreasing fuel cost and by increasing usage due to the environmentally-friendly perk. However, it takes an electric car at minimum four hours to completely recharge and it can only go about 100 miles. Since the average speed we found in Part I was 30.99 mph, this means that an electric car must spend about 60% of its time charging as opposed to being a profitable asset for the company. This lowers the one-way floating model's 50 000 100 000 150 000 200 000 250 000 300 000 
D. Conclusions
This model does not take into consideration the fact that self-driving cars and environmentallyfriendly cars are much more expensive than regular sedans. Currently, the price of self-driving cars is far too high for a feasible model. However, once self-driving cars become more commonplace, they will see their usage increase. People without licenses and people who would otherwise not meet the safety requirements for car-sharing companies would suddenly become a target group for marketing. Over time, self-driving cars and energy-efficient vehicles would become more cost-effective, moving them solidly into the limelight of the car-sharing industry.
